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A molecular velocity distribution at large Knudsen numbers is fundamental but still uncertain. 
The regime of large Knudsen numbers includes molecular dynamics in micro chambers and interplanetary 
space as well as in ultrahigh vacuum chambers [1, 2]. A molecular velocity distribution function for ideal 
gas in an equilibrium state is commonly assumed to be the Maxwellian distribution at large Knudsen 
numbers even though disagreement between the Maxwellian and experimental data exists [3, 4]. We have 
rigorously derived a molecular velocity distribution function with respect to a number of molecules, N , 
which is applicable for molecules at large Knudsen numbers, and we have obtained the expectation values 
of the square of velocity and of the speed. The non-Maxwellian molecular velocity distribution is 
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precisely not identical to the Maxwellian molecular velocity distribution, but it rapidly approaches it if 
N  increases; the non-Maxwellian molecular velocity distribution exactly matches the Maxwellian 
molecular velocity distribution when N  approaches infinity. The expectation value of the square of 
velocity is the same in the non-Maxwellian molecular velocity distribution as it is in the Maxwellian; 
however, the expectation value of the speed is not the same. 
We will follow Cercignani’s derivation process [5]. Let us start our derivation by defining a 
physical space, S , and a region, R S , containing N  molecules bounded by impermeable walls 
against which the molecule's energy is preserved but its momentum is not after a collision. We can, then, 
write the molecular velocity distribution function as 
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where iv  is a velocity of the i-th molecule, c  is a normalizing constant,   is the Dirac delta function, 
m  is the molecular mass, and E  is the given energy of the system in R . Note that a relationship, 
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E NkT   v v , exists where D  is the dimension of the physical space, k  is the 
Boltzmann constant, and T  is the temperature. 
For simplicity, let us consider a one-dimensional space. Then, Equation (1) becomes 
  21( , , )N iif v v c v E   (2) 
where /E NkT m . The normalizing constant c  satisfies 
  2 1 1i Nic v E dv dv    . (3) 
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Let us use the polar coordinate system for the integration as 
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1 [0,2 ]N   . Then, we have 
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space can be written as 1
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N
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 A  where NA  is the surface area of the N -dimensional 
unit ball and its value is /22 / ( / 2)NN N A  where   is the gamma function defined by 
( 1)/2( / 2) 2 ( 2)!!NN n     . Then, Equation (3) becomes 
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Therefore, the normalizing constant is 
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The molecular velocity distribution function is symmetric with respect to the index changes of 
the molecular velocities. This is reasonable because the molecules are identical. Hence, when we integrate 
Equation (2) with respect to iv  for all i  except for i N , then Nv  can be a representative velocity 
describing the velocity of any molecule among N  identical molecules. If we integrate Equation (2) by 
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or, for 
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by defining the representative velocity 
Nv  by v  for simplicity. We can define 
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and, then, we have 
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Therefore, we can obtain a molecular velocity distribution when N  approaches infinity by 
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which is Maxwellian and we will call it ( )MF v . 
 Let us define a dimensionless velocity 
m
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 We draw ( )F v  for {3,4,5,10}N  and ( )MF v  as Figure 1. By increasing N , ( )F v  
approaches ( )MF v . 
For the case of the Maxwellian molecular velocity distribution, the expectation values of the 
square of velocity and the square of the speed are obtained by 2 2( ) ( )M M
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 and plot ( )N  with respect to N . The ratio between 
( )vE  and ( )M vE  rapidly approaches 1 as N  increases in Figure 2. 
 In conclusion, we confirm that molecular velocity distribution can be approximated by the 
Maxwellian molecular velocity distribution in conventional vacuum chambers. Because they normally 
contain more than 1000 molecules, and in these cases, ( )vE  very closely approaches ( )M vE . 
Otherwise, a system having a small number of molecules should be considered using the molecular 
velocity distribution derived in this paper, which can be considered as an equilibrium distribution at large 
Knudsen numbers in discrete kinetic theory [6-8]. When comparing the non-Maxwellian molecular 
velocity distribution to the Maxwellian molecular velocity distribution, the expectation value of the 
square of velocity is identical; however, the expectation value of the speed of the non-Maxwellian 
molecular velocity distribution can be calculated by multiplying a factor / 2 ( / 2) (( 1) / 2)N N N    
to the expectation value of the speed of the Maxwellian. 
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Figure Captions: 
Figure 1. Graphs of ( )F v  for {3,4,5,10}N  and ( )MF v . The linear line (blue) is the graph of 3N   
and the curved lines (blue) are the graph of {4,5,10}N . The dashed line (red) is the graph of ( )MF v . 
Note that ( )F v  approaches ( )MF v  by increasing N . 
 
Figure 2. Log-linear plot of ( )N  with respect to N . The ratio ( )N  rapidly approaches 1 as N  
increases. 
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